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Abstract. Relationships between quantum group and quantum universal enveloping algebra
are investigated. We present what is called the quantum Ashkin–Teller model with general
nearest-neighbour four interaction terms. In the case of vanishing four interaction, it reduces
to two decoupledXXZ chains with surface terms, which has been studied thoroughly in the
framework of quantum universal enveloping algebra symmetry. It is shown that the symmetry
structure of the quantum version of Ashkin–Teller model is the quantum groupSLq(2). This
quantum group structure guarantees the integrability of the quantum model.

By using the integrability condition and writing the transfer matrixT of lattice models
explicitly as

(
a b

c d

)
, Faddeev, Reshetikhin and Takhatajan (FRT) introduced a quantum group

structure naturally [1]. In the FRT formalism, the algebraic relations of quantum group
SLq(2) are of the form

ab = qba ac = qca bd = qdb
cd = qdc bc = cb ad − da = λbc
ad − qbc = 1 λ = q − q−1.

(1)

These equations can be rewritten into a matrix form,

R12T1T2 = T2T1R12 det
q
T = 1 (2)

where

R12 =


q1/2

q−1/2

q−1/2λ q−1/2

q1/2

 T1 = T ⊗ 1 T2 = 1⊗ T .
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The corresponding Hopf algebra structure of the quantum groupSLq(2) is defined as

1

(
a b

c d

)
=
(
a ⊗ a + b ⊗ c a ⊗ b + b ⊗ d
c ⊗ a + d ⊗ c c ⊗ b + d ⊗ d

)
ε

(
a b

c d

)
=
(

1 0
0 1

)
s

(
a b

c d

)
=
(

d −q−1b

−qc a

)
.

(3)

On the other hand, as a systematic method for solving the Yang–Baxter equation [2, 3],
the quantum universal enveloping algebra [4, 5] has been intensively studied. The quantum
universal enveloping algebraUq(sl(2)) is a Hopf algebra which is neither commutative nor
cocommutative with generatorsk, k−1, e, f and 1. The corresponding algebraic relations
are

ke = qek kf = q−1f k k−1k = 1 [e, f ] = k2− k−2

q − q−1

1(k) = k ⊗ k 1(e) = e ⊗ k−1+ k ⊗ e 1(f ) = f ⊗ k−1+ k ⊗ f
ε(k) = 1 ε(e) = ε(f ) = 0

s(k) = k−1 s(e) = −q−1e s(f ) = −qf.

(4)

It was found that the quantum universal enveloping algebra has many applications in
physics systems [6]. For example, in a Hamiltonian system it is an enlarged symmetry that
maintains invariance of equations of motion and allows a deformation of the Hamiltonian
and symplictic form; the configuration space of the integrable lattice model can be analysed
in terms of the representation theory of the quantum universal enveloping algebra. The
quantum symmetry approach based on the quantum universal enveloping algebra is now a
popular topic in different fields of modern physics.

It may be some surprise to notice that there are few physical applications of the quantum
group, which is a more physical origin than the quantum universal enveloping algebra.
In FRT formalism, the quantum group can be identified as a symmetry structure of the
transfer matrix for integrable lattice models. Thus, an important topic in the field is to
discuss the relationships of quantum universal enveloping algebra and quantum group and
then to investigate possible physical applications of the quantum group. Other reasons
for investigating relationships between quantum group and quantum universal enveloping
algebra include opening a way of constructing classical realization of quantum group because
the realizations of the quantum universal enveloping algebra in classical physics systems
have been set up [7–11].

In this letter, we present what is called the quantum Ashkin–Teller model with general
nearest-neighbour four interacting terms, which is shown to possess quantum groupSLq(2)
symmetry. The quantum group is constructed from the tensor product of two sets of
independent quantum universal enveloping algebrasUq(sl(2)). The quantum integrability
is guaranteed by this quantum group structure.

The Hamiltonian of the quantum Ashkin–Teller [12, 13] model in the one-dimensional
lattice is of the form

H = K2σ

sinη

N∑
i=1

(σ 1
i σ

1
i+1+ σ 2

i σ
2
i+1+ cosησ 3

i σ
3
i+1+ i sinη(σ 3

i − σ 3
i+1)− cosη)

+ K2τ

sinη

N∑
i=1

(τ 1
i τ

1
i+1+ τ 2

i τ
2
i+1+ cosητ 3

i τ
3
i+1+ i sinη(τ 3

i − τ 3
i+1)− cosη)
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+ K4

sin2 η

N∑
i=1

(σ 1
i σ

1
i+1+ σ 2

i σ
2
i+1+ cosησ 3

i σ
3
i+1+ i sinη(σ 3

i − σ 3
i+1)− cosη)

×(τ 1
i τ

1
i+1+ τ 2

i τ
2
i+1+ cosητ 3

i τ
3
i+1+ i sinη(τ 3

i − τ 3
i+1)− cosη) (5)

where we have used the notations

σ ik = (1(1)σ ⊗ 1(1)τ )⊗ (1(2)σ ⊗ 1(2)τ )⊗ · · · ⊗ (σ i(k) ⊗ 1(k)τ )⊗ · · · ⊗ (1(N)σ ⊗ 1(N)τ )

τ ik = (1(1)σ ⊗ 1(1)τ )⊗ (1(2)σ ⊗ 1(2)τ )⊗ · · · ⊗ (1(k)σ ⊗ τ i(k))⊗ · · · ⊗ (1(N)σ ⊗ 1(N)τ ).

Hereσ i , τ i (i = 1, 2, 3) are two sets of independent Pauli matrices ([σ i, τ j ] = 0) andη is
a free parameter.

If the coupling constantK4 = 0, the system reduces to two decoupled one-dimensional
XXZ models with boundary terms. TheXXZ chain with boundary terms has recently been
studied thoroughly, and it was found that it possesses quantum universal enveloping algebra
Uq(sl(2)) symmetry [14, 15]. This is to say that we have [HXXZ,Uq(sl(2))] = 0. The
generators of the quantum universal enveloping algebra in(V

1/2
σ ⊗ V 1/2

τ )⊗N is defined as

S±σ =
N∑
i=1

(qs
3
(1)σ ⊗ 1(1)τ )⊗ · · · ⊗ (qs

3
(i−1)σ ⊗ 1(i−1)τ )

⊗(s±(i)σ ⊗ 1(i)τ )⊗ (q−s
3
(i+1)σ ⊗ 1(i+1)τ )⊗ · · · ⊗ (q−s

3
(N)σ ⊗ 1(N)τ )

qS
3
σ = (qs3

(1)σ ⊗ 1(1)τ )⊗ (qs
3
(2)σ ⊗ 1(2)τ )⊗ · · · ⊗ (qs

3
(N)σ ⊗ 1(N)τ )

siσ = 1
2σ

i

and

S±τ =
N∑
i=1

(1(1)σ ⊗ qs
3
(1)τ )⊗ · · · ⊗ (1(i−1)σ ⊗ qs

3
(i−1)τ )

⊗(1(i)σ ⊗ s±(i)τ )⊗ (1(i+1)σ ⊗ q−s
3
(i+1)τ )⊗ · · · ⊗ (1(N)σ ⊗ q−s

3
(N)τ )

qS
3
τ = (1(1)σ ⊗ qs

3
(1)τ )⊗ (1(2)σ ⊗ qs

3
(2)τ )⊗ · · · ⊗ (1(N)σ ⊗ qs

3
(N)τ )

siτ = 1
2τ

i .

It is easy to check that the generatorsS±σ andS3
σ (S±τ andS3

τ ) satisfy the quantum universal
enveloping algebra relations ofUσ(τ)

q (sl(2)) as well as associated Hopf algebra structure.
By using theRσ(τ) matrix

R
σ(τ)

12 =


q1/2

q−1/2

q−1/2λ q−1/2

q1/2

 (6)

we can write the quantum universal enveloping algebraUσ(τ)
q (sl(2)) into a more abstract

form [16, 17]

R
σ(τ)

12 L±σ(τ)1L
±
σ(τ)2
= L±2L±1R12 R

σ(τ)

12 L−σ(τ)1L
+
σ(τ)2
= L+σ(τ)2L−σ(τ)1R

σ(τ)

12

1σ(τ)(L
±
σ(τ)) = L±σ(τ)⊗̇L±σ(τ)

sσ(τ)(L
+
σ(τ)) =

(
qS

3
σ(τ) −qλS+σ(τ)

q−S
3
σ(τ)

)
sσ(τ)(L

−
σ(τ)) =

(
q−S

3
σ(τ)

−qλS+σ(τ) qS
3
σ(τ)

)
εσ(τ)(L

±
σ(τ)) = 1

(7)
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where we have used the notations

L+σ(τ) =
(
q−S

3
σ(τ) λS+σ(τ)

qS
3
σ(τ)

)
L−σ(τ) =

(
qS

3
σ(τ)

−λS−σ(τ) q−S
3
σ(τ)

)
and the operatioṅ⊗ between two matricesA andB is defined as

(A⊗̇B)ij = Aik ⊗ Bkj .
By using the operatorsL±σ(τ), which are defined on the spaceV (1/2)σ and V (1/2)τ ,

respectively, we can introduce four (and only four) nontrivial tensor operators on the space
V
(1/2)
σ ⊗V (1/2)τ , i.e.L+σ L

+
τ , L+σ L

−
τ , L−σ L

+
τ , andL−σ L

−
τ . In the following (to agree with FRT’s

notation), we denote these tensor operators asT and write them explicitly as

T =
(
a′ b′

c′ d ′

)
. (8)

From equation (7), we know that the new operatorsT satisfy the equation

R12T1T2 = T2T1R12 det
q
T = 1. (9)

This can be verified straightforwardly. For example, forT = L+σ ⊗̇L−τ , we have

a′b′ = (l+σ(11) ⊗ l−τ(11) + l+σ(12) ⊗ l−τ(21)) · (l+σ(12) ⊗ l−τ(22))

= l+σ(11)l
+
σ(12) ⊗ l−τ(11)l

−
τ(22) + l+σ(12)l

+
σ(12) ⊗ l−τ(21)l

−
τ(22)

= ql+σ(12)l
+
σ(11) ⊗ l−τ(22)l

−
τ(11) + ql+σ(12)l

+
σ(12) ⊗ l−τ(22)l

−
τ(21)

= q(l+σ(12) ⊗ l−τ(22)) · (l+σ(11) ⊗ l−τ(11) + l+σ(12) ⊗ l−τ(21))

= qb′a′

and

a′d ′ − qb′c′ = (l+σ(11) ⊗ l−τ(11) + l+σ(12) ⊗ l−τ(21)) · (l+σ(22) ⊗ l−τ(22))

−q(l+σ(12) ⊗ l−τ(22)) · (l+σ(22) ⊗ l−τ(21))

= l+σ(11)l
+
σ(22) ⊗ l−τ(11)l

−
τ(22) + l+σ(12)l

+
σ(22) ⊗ l−τ(21)l

−
τ(22) − ql+σ(12)l

+
σ(22) ⊗ l−τ(22)l

−
τ(21)

= 1

and so on.
Let P⊗ be the transposition operator [18] inV (1/2) ⊗ V (1/2), which satisfies

P⊗ : A⊗̇B −→ B⊗̇A. (10)

Then the comultiplication1 for these tensor operatorsT can be introduced as

1 = (id⊗ P⊗ ⊗ id)(1σ ⊗̇1τ). (11)

As an example, forT = L+σ ⊗̇L−τ , it is easy to check that

1

(
a′ b′

c′ d ′

)
= (id⊗ P⊗ ⊗ id)(1L+σ ⊗̇1L−τ )(L

+
σ ⊗̇L−τ )

= (id⊗ P⊗ ⊗ id)(L+σ ⊗̇L+σ ⊗̇L−τ ⊗̇L−τ )
= (L+σ ⊗̇L−σ )⊗̇(L+τ ⊗̇L−τ )
=
(
a′ b′

c′ d ′

)
⊗̇
(
a′ b′

c′ d ′

)
.
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Almost the same relations for other three tensor operatorsT can also be obtained in the
same way. Therefore, in general, we have

1T = T ⊗̇T . (12)

Define the co-unit operatorε as

ε = εσ ⊗ ετ . (13)

Then, we have

εT = 1. (14)

Finally, the antipode operators is of the form,

s = P(sτ ⊗ sσ )P⊗. (15)

A straightforward calculation gives that

s

(
a′ b′

c′ d ′

)
=
(

d ′ −q−1b′

−qc′ a′

)
. (16)

Now, we are in a position to conclude that the symmetry of the quantum Ashkin–Teller-like
model is the quantum groupSLq(2), i.e. [H, T ] = 0. It should be noted that there are four
types of the tensor operatorsT and all of them satisfy the quantum group relations strictly.

It is well known that the decoupled system can be solved by using the quantum universal
enveloping algebra approach [19]. Now, we know that the only symmetry structure of the
quantum Ashkin–Teller-like model is the quantum groupSLq(2). There are infinite physical
quantities which commute with the Hamiltonian and thus this system is integrable. A group
analogy of the quantum universal enveloping algebra symmetry approach to the system is
apparent. Further investigations in this direction are in progress [20].

The authors would like to thank G X Ju, X C Song and S K Wang foruseful discussions.
The work was supported by the National Science Foundation of China.
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